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Abstract
The three-dimensional (3D) symmetry reference plane (SRP) is the premise and basis 
of 3D facial symmetry analysis. Currently, most methods for extracting the SRP are 
based on anatomical landmarks measured manually using a digital 3D facial model. 
However, as different clinicians have varying definitions of landmarks, establishing 
common methods suitable for different types of facial asymmetry remains challeng-
ing. The present study aimed to investigate and evaluate a novel mathematical algo-
rithm based on power function weighted Procrustes analysis (PWPA) to determine 3D 
facial SRPs for patients with mandibular deviation. From 30 patients with mandibu-
lar deviation, 3D facial SRPs were determined using both our PWPA algorithms (two 
functions) and the traditional PA algorithm (experimental groups). A reference plane, 
defined by experts, was considered the ‘truth plane’. The ‘position error’ index of 
mirrored landmarks was created to quantitatively evaluate the difference among the 
PWPA SRPs and the truth plane, including overall differences and regional differences 
of the face (upper, middle and lower). The ‘angle error’ values between the SRPs and 
the truth plane in the experimental groups were also evaluated in this study. Statistics 
and measurement analyses were used to comprehensively evaluate the clinical suit-
ability of the PWPA algorithms to construct the SRP. The average angle error values 
between the PWPA SRPs of the two functions and the truth plane were 1.21 ± 0.65° 
and 1.18 ± 0.62°, which were smaller than those between the PA SRP and the truth 
plane. The position error values of mirrored landmarks constructed using the PWPA 
algorithms for the whole face and for each facial partition were lower than those con-
structed using the PA algorithm. In conclusion, for patients with mandibular deviation, 
this novel mathematical algorithm provided a more suitable SRP for their 3D facial 
model, which achieved a result approaching the true effect of experts.
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1  |  INTRODUC TION

Facial symmetry and coordination are important factors in facial and 
oral aesthetics and have a marked influence on the attractiveness of 
individuals (Grammer & Thornhill, 1994; Hönn & Göz, 2007; Hönn 
et al., 2005; Mealey et al., 1999; Zaidel et al., 2005). However, no 
human face is perfectly symmetrical (Berssenbruegge et al., 2015; 
Shaner et al., 2000; Zaidel & Cohen, 2005). Therefore, the symme-
try analysis of a three-dimensional (3D) face is an important part of 
the orthodontic design, oral and maxillofacial surgery planning, as-
sessment of the impact of facial growth on facial appearance and 
prosthodontic aesthetic design (Al Rudainy et al., 2019a, 2019b; 
Haraguchi et al., 2008; Lee et al., 2010; O'Grady & Antonyshyn, 
1999; Philipp et al., 2011; Verhoeven et al., 2016).

The 3D symmetry reference plane (SRP) (also referred to as the 
median sagittal plane) is the premise and foundation of 3D facial 
symmetry analysis and reconstructive procedures. Landmark-based 
methods have been widely used in previous studies to determine the 
SRP (Djordjevic et al., 2014; Huang et al., 2013; Hyeon-Shik et al., 
2012; Plooij et al., 2009). Lee et al. (2014) proposed the plane per-
pendicular to the horizontal reference plane and passing through 
the right and left endocanthions as the midsagittal reference plane 
to analyse the facial symmetry of orthodontic patients with man-
dibular deviation. Murakami et al. (2014) fitted the median sagittal 
plane from six midline facial landmarks—the nasion, pronasale, sub-
nasale, labiale superius, labiale inferius and pogonion of soft tissue—
and compared the facial symmetry between normal male Japanese 
adults and children. Thus, the reference landmarks for different re-
searchers are not exactly the same (Masoud et al., 2016).

Recently, the SRP-determined method developed by Hartmann 
et al. (2007) has gradually attracted attention; it can be determined 
by superimposing the original and its mirror facial image. The central 
notion of this method is to obtain the 3D optimal overlap between the 
original and the mirror model, mainly consisting of the iterative clos-
est point (ICP) and Procrustes analysis (PA) algorithms (Besl & McKay, 
1992; Damstra et al., 2011; Du et al., 2017). The ICP algorithm is an it-
erative method that seeks the local minimum solution, with its objec-
tive function defined by the Euclidean distance between the nearest 
points. It involves a high degree of automation and repeatability and 
does not refer to the facial anatomical landmarks information (Chen & 
Medioni, 1992; Stewart et al., 2003). However, it is unsuitable for com-
plex facial deformities because of the influence of deformed regions. 
At present, such cases require manual screening of non-deformed fa-
cial region data to ensure the accuracy of the SRP (‘regional ICP algo-
rithm’ or ‘expert ICP’) (De Momi et al., 2006; Verhoeven, Nolte, et al., 
2013). Verhoeven, Coppen, et al. (2013) selected regions consisting 
of the forehead, upper nasal dorsum and zygoma which were found 
to have the least temporal variability and to be the most suitable to 
register two 3D photographs of the same person.

The PA algorithm focuses on facial landmarks, anatomical land-
marks or a mathematical facial mask, which are more aligned with 
clinical experience and diagnostic practices. It obtains the optimal 
overlapping position with the minimum average distance between 

the original and the corresponding mirror landmarks through a ma-
trix operation (translating, rotating and scaling). The least-square 
superimposition method was adopted to find the optimal position. 
Damstra et al. (2011) applied the PA algorithm to construct a 3D 
craniofacial SRP of cone beam computed tomography skull data 
and confirmed its reliability. Facial asymmetry assessment based 
on a mathematical facial mask consists of several indexed vertices 
that fully describe the complexity of facial morphology, which may 
allow a comprehensive analysis of facial asymmetry. Meanwhile, it 
can simplify the operation process and increase repeatability (Ai-
Rudainy et al., 2018; Claes, Walters, Shriver, et al., 2012). Xiong 
et al. (2016) used the PA algorithm to compute the midsagittal 
plane for subjects with no apparent facial asymmetry based on 
21 anatomical landmarks. However, for patients with noticeable 
facial asymmetry, this method is not ideal because the algorithm 
assigns equal weight to individualised facial features without dis-
crimination, which deviates from the rationale followed in clinical 
diagnosis. Zhu et al. (2020) proposed the weighted Procrustes 
analysis (WPA) algorithm which provides a more adaptable SRP 
than the standard PA algorithm when applied to mandibular devi-
ation patients.

This study was conducted to obtain a more accurate facial SRP 
construction. To this end, we optimised the weight functions of 
facial anatomical landmarks based on previous research to better 
simulate the diagnosis strategies of clinical experts. Two power 
function expressions of anatomical landmarks ‘segmented power 
function weighted Procrustes analysis (SPWPA)’ and ‘offset PWPA 
(OPWPA)’ were applied in this study for patients with mandibular 
deviation. The results showed similar effects to those of clinical 
experts.

2  |  METHODS

2.1  |  Subjects

Thirty participants from Peking University School and Hospital of 
Stomatology aged between 18 and 35 years were enrolled. The inclu-
sion criteria were apparent facial asymmetry with a mandibular devi-
ation of at least 3 mm from the facial midline, which is perpendicular 
to the interpupillary line at the soft tissue nasion when the patient 
is seated in a natural head position. All procedures were safe, non-
invasive and did not provoke pain or discomfort in the subjects. This 
study was approved by the Ethics Committee of Peking University 
School and Hospital of Stomatology (PKUSSIRB-202054042), and 
written informed consent was obtained from all participants.

2.2  |  Experimental equipment and software

A Face Scan 3D sensor system (3D-Shape Corp.) was used to collect 
3D facial data for each patient. We obtained facial data in only 0.8 s 
with high accuracy of 0.1 mm and a scanning range of 270–320°.
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For data processing, we used the reverse engineering software 
Geomagic Studio 2013 (3D Systems Inc), which processes 3D facial 
data and extracts the SRP. The PWPA algorithm optimises the objective 
function based on the PA algorithm by assigning weights to landmarks, 
using a weighted least-squares superimposition; this was implemented 
in Python (the algorithms are open source and available at https://
github.com/cadcg​roup/WPA). The PWPA objective function Fʹ is 
shown in Equation (1). According to the weight function (Wi) in Equation 
(1), this study constructed two functions: segmented power (SP) func-
tion and offset power (OP) function, the weight function of which is 
shown in Equations (2 and 3). The function graph is shown in Figure 1.

where LMK_Org represents the original model landmark set, LMK_Mir 
represents the mirror model landmark set, LMK_Orgi and LMK_Miri 
(i = 1, 2, … , 32) are the corresponding landmarks in the original and mir-
ror landmark sets, Q is the spatial change matrix (contains translation, 
rotation and scale; the value of the scale is one in this study) and p is the 
number of landmarks. The value of W in this study is Wi, Wi (i = 1, 2, … 
, 32) is the weight factor for each facial landmark, and D is the distance 
between the original and corresponding mirror landmarks.

2.3  |  Facial model acquisition and processing

The equipment was calibrated before capturing 3D facial data, and each 
patient was guided by the clinician to a natural head position. Geomagic 
Studio 2013 software was used for image processing. We first adjusted 
the Frankfort horizontal plane of the original 3D model to coincide with 
the XZ plane of the global coordinate system. One experienced senior 

clinical professor created anatomical landmarks from each original fa-
cial model (Model_Org). Then, 32 original anatomical landmarks were 
selected from the whole face, including the nasion, pogonion, endo-
canthion and alare landmarks, as shown in Figure 2. The process to cal-
culate the mean coordinate of LMK_Org was repeated three times by 
a senior clinical professor with years of experience in digital surgery or 
prosthodontics and the data were saved in.OBJ file format.

2.4  |  Abstracting the SRP

Initial alignment of Model_Org and its YZ-plane mirror model was 
performed, based on the global ICP registration function in Geomagic 
Studio 2013  software. After alignment, the mirror model (Model_
Mir) and the corresponding initial LMK_Mir were established.

2.4.1  |  Experimental group_1: Extracting the SRP 
with the PA algorithm

The 3D coordinates of all 32 pairs of landmarks were imported into 
the PA algorithm program in Python. The transformation matrix 
(translation and rotation) of the mirror model was then calculated 
based on the least-squares method and the matrix was loaded onto 
Model_Mir using Geomagic Studio 2013 software in the.tfm format. 
Based on the composition of the original and mirror models, the SRP 
of the original model was constructed (SRP_PA) using the ‘symmetry’ 
function in Geomagic Studio 2013.

2.4.2  |  Experimental group_2 and Experimental 
group_3: Extracting the SRPs with the 
PWPA algorithms

LMK_Org and LMK_Mir were inputted into a Python program that runs 
the SPWPA and OPWPA algorithms. In this process, the weight of each 
landmark was calculated automatically based on the SP and OP func-
tions (Figure 1). In this study, the SP and OP functions were used to 

(1)F�
= min

Q

p∑
i=1

Wi
‖‖LMK_Orgi−QLMK_Miri

‖‖2,

(2)W =

⎧
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1, 0≤D≤1mm

1

D
, D>1mm

,

(3)W =
1

D + 1
(D ≥ 0),

F I G U R E  1  Function graphs of segmented power and offset power. (a) Segmented power function. (b) Offset power function. D is the 
distance between the original and mirror corresponding landmarks. W is the weight factor for each facial landmark. The dashed function 
image is the original power function W = 1/D

https://github.com/cadcgroup/WPA
https://github.com/cadcgroup/WPA
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achieve the effect of a landmark pair with good symmetry that would 
be relatively close together after initial registration and, thus, would be 
given more weight. The weights of all the anatomical landmarks were 
distributed in a reasonable domain which was more appropriate than the 
previous WPA algorithm (Zhu et al., 2020). The weighted landmarks of 
LMK_Org and LMK_Mir were superimposed three-dimensionally based 
on the least-squares method; thus, optimal overlapping was obtained 
for the 32 pairs of landmarks, and the SPWPA and OPWPA transforma-
tion matrices of Model_Mir were obtained. The transformation matrices 
were loaded into Model_Mir using Geomagic Studio 2013 software sep-
arately in.tfm format. The SRP of the facial data for each of the 30 pa-
tients was constructed as described (SRP_ SPWPA and SRP_ OPWPA).

2.4.3  |  Reference group: Abstracting the truth plane

De Momi et al. (2006) showed that the symmetry plane based on the 
regional ICP algorithm is reliable and leads to no significant difference 

from that constructed by experienced clinicians. In this study, the fa-
cial SRP constructed by this ‘regional ICP algorithm’ was regarded as 
the truth plane. Three senior professors with considerable experience 
in digital surgery and skilled in operating computer software selected 
regions of good facial symmetry from Model_Org and Model_Mir 
using Geomagic Studio 2013 software, and ‘regional registration’ was 
carried out with the two models. Finally, the average SRP of the facial 
data was extracted as the ground truth (SRP_Tru).

The SRPs extracted using the SPWPA, OPWPA, PA algorithms 
and truth plane are depicted in Figure 3.

2.5  |  Measurement evaluation of SRP

2.5.1  |  Angle error of planes

For each of the 30 3D models, the angles between the SRPs of 
the experimental groups and the truth plane were calculated and 

F I G U R E  2  The 32 anatomic landmarks (Upper facial third: 1-trichion, 2-glabella, 11–12-superciliary ridge; Middle facial third: 3-nasion, 
4-pronasale, 5-subnasale, 13–14-exocanthion, 15–16-pupil, 17–18-endocanthion,19–20-tragion, 21–22-zygion, 23–24-alare, 25–26-subalare; 
Lower facial third: 6-labiale superius, 7-labiale inferius, 8-sublabiale, 9-pogonion, 10-gnathion, 27–28-crista philtre, 29–30-cheilion, 31–32-
gonion)
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recorded as Ang_SPWPA, Ang_OPWPA and Ang_PA. The mean and 
standard deviation of the angle error were calculated for all groups.

2.6  |  Position error of the mirrored landmarks

The position error of the mirrored landmarks was a new quantita-
tive index to assess the SRP to validate the effect of the weighted 
landmarks. The mirror landmarks of the experimental groups (Mir_
SPWPA, Mir_OPWPA and Mir_PA) were obtained from the mirror 
and original models using SRP_SPWPA, SRP_OPWPA and SRP_PA, 
and the mirror landmarks of the truth group were similarly obtained 
(Mir_Tru). The overall position error was defined as the average dis-
tance of the 32 pairs of landmarks in the experimental groups and 
the truth group, named LMK_SPWPA, LMK_OPWPA and LMK_PA 
(Figure 4). The regional position error of three facial parts was also 
tested in the study, which was calculated for landmarks in the upper 
third (4 landmarks), middle third (17  landmarks) and lower third 
(11  landmarks) facial regions, termed as LMK_SPWPA_Up, LMK_
OPWPA_Up and LMK_PA_Up; LMK_SPWPA_Mid, LMK_OPWPA_
Mid and LMK_PA_Mid and LMK_SPWPA_Low, LMK_OPWPA_Low, 
and LMK_PA_Low, respectively. The mean and standard deviation 
of the overall and regional position errors were calculated for each 
sample.

2.7  |  Statistical analysis

Statistical analyses were carried out using SPSS software, 
Version 21. To investigate the intra-observer error, the senior 
clinical professor repeated the landmark measurements for nine 
facial models 1  week later, and the intra-class coefficient (ICC) 
was calculated.

A Kolmogorov–Smirnov normality test was conducted for angle 
error and position errors to examine the distribution of the data. A 
parametric or non-parametric test was then used depending on the 
results. The workflow of the experimental procedures and evalua-
tion methods is shown in Figure 5. Statistical analysis of the angle 
error of the SPWPA, OPWPA and PA algorithms was performed 

F I G U R E  3  Determining the SRP based on the PWPA algorithms, 
PA algorithm and regional iterative closest point algorithm for 
one case. The red plane signifies the SRP of ground truth, the 
blue plane represents the segmented PWPA algorithm, the green 
plane represents the offset PWPA algorithm and the yellow plane 
represents the PA algorithm. PA, Procrustes analysis; PWPA, power 
function weighted Procrustes analysis; SRP, symmetry reference 
plane

F I G U R E  4  Position error of the mirrored landmarks. (a) SRPs on the original facial langdmarks (blue); the red plane signifies the ground 
truth (SRP_Tru) and the green represents the PWPA algorithm plane (SRP_OPWPA). (b) Reference mirror landmarks in red and OPWPA 
mirror landmarks in green, which were obtained from the mirror original landmarks using SRP_Tru and SRP_OPWPA. (c) Global position 
error was defined as the average distance of the 32 pairs of reference and OPWPA mirror landmarks. OPWPA, offset PWPA; PWPA, power 
function weighted Procrustes analysis; SRP, symmetry reference plane
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using one-way analysis of variance (ANOVA). Homogeneity of vari-
ance test and Tukey's multiple comparison test were also performed.

One-way ANOVA and Tukey's multiple comparison test were 
subsequently performed for the overall and regional position errors. 
The statistical significance was set at p  <  0.05. One-way ANOVA 
was performed for regional landmarks of the position error to exam-
ine whether differences in the position error of different facial parts 
were statistically significant.

3  |  RESULTS

For all analysed measures of landmark detection by one expert, the 
intra-observer ICC values were >0.95 (0.97–0.99), demonstrating 
high intra-observer reproducibility.

3.1  |  Analysis of angle error

The angle errors of the SRPs of the 30 samples (using the PA, SPWPA 
and OPWPA algorithms) of mandibular deviation were calculated. 

The Kolmogorov–Smirnov normality test for angle error (three 
groups with 30 values each) showed that all groups conformed to 
the normal distribution. Data analysis yielded statistically significant 
differences (p  <  0.05) between the experimental groups; Tukey's 
multiple comparison test showed that the difference in the angle 
error between the PA, SPWPA and OPWPA algorithms was sta-
tistically significant. The mean and standard deviation of the angle 
error in the PA, SPWPA and OPWPA groups were 2.12  ±  0.81°, 
1.18 ± 0.62° and 1.21 ± 0.65°, respectively, indicating that the SRP 
extracted using the PWPA algorithm was closer to the truth group 
for the 30 samples.

The degree of mandibular deviation for each patient was cal-
culated using the distance from the pogonion to the truth plane as 
defined by the experts, and the angle error distribution of 30 pa-
tients with different degrees of deviation was analysed as shown 
in Figure 6. The results suggested that the angle error of each algo-
rithm increased with the increase in the degree of mandibular devi-
ation. However, for patients with noticeable mandibular deviation, 
the PWPA algorithm was optimised compared with the PA algo-
rithm without weight allocation, and there was no significant dif-
ference between the SPWPA algorithm and the OPWPA algorithm. 

F I G U R E  5  Workflow of the experimental procedures and evaluation methods. PWPA represents the power function weighted 
Procrustes analysis (PA) algorithm, and PA represents the PA algorithm. SRP_SPWPA, SRP_OPWPA, SRP_PA and SRP_Tru are symmetry 
reference planes constructed based on the experimental group and the truth group. Mir_SPWPA, Mir_OPWPA, LMK_PA and Mir_Tru are 
mirror landmarks constructed with the PWPA algorithms, PA algorithm SRP and truth plane. LMK_SPWPA, LMK_OPWPA and LMK_PA are 
the overall landmark position errors of the PWPA and PA algorithms under which Up, Mid and Low represent the position errors of different 
third parts. Ang_SPWPA, Ang_OPWPA and Ang_PA are the angle errors of the PWPA algorithm and PA algorithm groups. OPWPA, offset 
PWPA; PWPA, power function weighted Procrustes analysis; SPWPA, segmented PWPA; SRP, symmetry reference plane
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Taken together, a more ideal SRP can be obtained with the PWPA 
algorithm.

3.2  |  Analysis of position error

The measurement values for the position error of the experimental 
groups for overall landmarks (three groups) and regional landmarks 
(nine groups) are presented in Table 1. All groups conformed to the 
normal distribution. There were significant differences in the overall 
position errors among the groups and regional position errors of the 
upper, middle and lower facial partitions (p < 0.05) (Figure 7).

Tukey's test showed statistically significant differences (p < 0.05) 
between the PA and SPWPA groups in the overall position error, be-
tween the PA and OPWPA groups in terms of overall position error, 
between the lower and upper facial partitions and between the 
lower and middle partitions in the PWPA and PA groups.

The overall position error and regional position errors of the 
PWPA groups were smaller than those of the PA group (Table 1). 

The weighted overlap of the lower partition showed that the SPWPA 
and OPWPA groups were closer to the weighted overlap result of 
the truth group, revealing a significant improvement in the PWPA 
groups compared with the PA group.

4  |  DISCUSSION

A central problem in the original-mirror alignment method is the su-
perimposition algorithm. This study has proposed a way to improve 
the standard PA algorithm by adding a weighted system.

Previous studies reported alternatives such as deleting the ob-
vious asymmetric landmarks (outliers) and using the remaining land-
marks for the PA operation to avoid interference (Gateno et al., 2015; 
Linde & Houle, 2009; Xiong et al., 2016). Torcida et al. improved the 
superimposition based on resistant-fit methods by using median-
based parameter estimates that are less affected by the presence 
of larger differences in the relative locations of a few landmarks 
(Sebasti et al., 2016). In this way, we proposed a weighted strategy to 
improve the universality of the algorithm, the mathematical model 
of the PWPA algorithm is an innovation based on the original mirror 
alignment method. The weighting strategy of the anatomical land-
marks is the core of the algorithm.

In oral clinical practice, physicians tend to focus more on the 
landmarks with good facial symmetry (i.e., landmarks around the 
eyes, nose and mouth). Therefore, the power function y = xα(α = −1) 
was used in our previous study to demonstrate the trend in which 
the weight decreases with the increase of asymmetry (Zhu et al., 
2020). After the initialisation of the original method and the mirror 
model overlaps, the landmarks with poor symmetry (in which the dis-
tance of the original mirror paired landmarks is larger) are assigned 
smaller weights. However, our previous study found that the power 
function presents a large upward trend of weights (close to infinity) 

F I G U R E  6  Angle error of different degrees of mandibular deviation patients

TA B L E  1  Position error of overall and regional facial landmarks 
(upper, middle and lower) (mm)

Position 
error (mm) PA SPWPA OPWPA

LMK 4.08 ± 0.65 2.99 ± 1.33 2.98 ± 1.33

LMK_Up 3.57 ± 1.67 1.89 ± 0.98 1.90 ± 1.00

LMK_Mid 3.41 ± 1.22 2.64 ± 1.18 2.62 ± 1.14

LMK_Low 5.29 ± 2.67 3.90 ± 1.92 3.91 ± 1.97

Abbreviations: LMK_Low, lower landmark; LMK_Mid, middle landmark; 
LMK_Up, upper landmark; OPWPA, offset power function weighted 
Procrustes analysis; SPWPA, segmented power function weighted 
Procrustes analysis.
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in the interval, where D is close to zero. It gives too much weight to 
some landmarks, which leads to a great difference between the high 
and low weights, overlapping problems may appear in some cases.

By analysing the power function expression, the absolute value 
of the derivative of the function was found to be larger in the inter-
val, where D is <1 but smaller in the interval, where D is >1; thus, 
one is the critical value of the function. Therefore, based on the 
function characteristics (D) in this study, the power functions were 
improved in two forms, namely, the SP and OP functions, which re-
duce the distribution range of Wi and make different features con-
tribute appropriately in the process of overlapping.

Firstly, the SP function treats the landmarks with good symme-
try (D ≤1 mm) equally (Wi = 1), because it is difficult to distinguish 
the importance of some anatomical landmarks in clinical applica-
tion. It generally sets D = 1 mm as the boundary and uniformly as-
signs the weight of D < 1 mm as the upper limit of the weight (the 
maximum weight value is one) to realise the control of the upper 
limit of the weight (Figure 1). In this study, 30 data samples were 
analysed with each sample having 32 landmarks. There were three 
to six landmarks, where the D value was <1  mm, accounting for 
approximately 15%. In the SP function, there is no difference in the 
weights of high weight landmarks, and the weighting strategy of 
medium and low weight landmarks conforms to the characteristics 
of the power function. Therefore, the difference between high and 
low weights can be limited to a reasonable range to achieve weight 
optimisation.

Secondly, the OP function can effectively reduce the gradi-
ent difference of the weighting function through the horizontal 
translation of the original power function. This narrows the scope 
of the value domain and also limits the maximum weight to one. 

Meanwhile, the weight factor difference between different land-
marks is reduced accordingly. The expression of the two weighting 
functions effectively limits the high output value of the original 
power function Wi to ensure the monotonous decreasing function 
of the weight allocation of the landmark. Therefore, the optimal 
value domain (0  ≤  W  ≤  1) and overlap of the original and mirror 
landmark sets, which are more aligned with the experience of oral 
clinical experts, is realised.

The results showed that the SRPs of the PWPA algorithm were 
closer to the truth plane (Figure 3). The SRP of an algorithm based on 
professional expertise was regarded as the truth plane in this study, 
which led to no significant difference from that constructed by ex-
perienced clinicians’ visual determination (De Momi et al., 2006). 
The average angle error of the PWPA groups for the 30 patients 
with mandibular deviation was <2°, and there was no significant dif-
ference between the SPWPA algorithm and the OPWPA algorithm. 
Wu et al. (2016) showed that the angle difference between the two 
planes is easily perceived when it is >6°. In this study, the angle error 
between the PWPA SRP and the truth plane was <2°, indicating that 
the accuracy of the PWPA SRP was almost equal to that of the truth 
plane; the result was lower than that compared with the angle error 
of 1.66° in our previous study (Zhu et al., 2020). Therefore, PWPA 
had better clinical suitability than the PA traditional algorithm.

Although establishing the SRP is the first fundamental step in 
the accurate analysis of facial asymmetry and craniomaxillofacial 
surgery planning, few studies have assessed the methods of estab-
lishing the SRP, such as the indices of angle error and facial asym-
metry, which are mainly used to evaluate the accuracy of the SRP of 
the skull or face (Tan et al., 2019; Willing et al., 2013). The present 
study used position error as an SRP evaluation index ‘position error’ 

F I G U R E  7  Boxplot of position error for the upper face, middle face and lower face groups. The asterisks signify p < 0.05 between the 
PWPA algorithm and PA algorithm groups. OPWPA, offset PWPA; PA, Procrustes analysis; PWPA, power function weighted Procrustes 
analysis; SPWPA, segmented PWPA
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to quantitatively analyse facial landmark asymmetry. It was designed 
to determine the weight of the PWPA algorithm landmarks and pro-
fessional landmarks (implied empirical information) by calculating 
the distance between corresponding landmarks. The position error 
is small if the two weights are coincident and the mirror landmark 
overlap is apposite. The mirror landmarks differed between the ex-
perimental groups in mirroring the original facial model, whereas the 
original model was the same between the experimental and truth 
groups.

The finding of the position error reflects the coherence be-
tween the SRP of the PWPA algorithm and expert experience, 
realising the weight allocation of the overall facial landmarks. The 
mean values of the overall position errors of the PWPA and PA 
algorithms were 2.99, 2.98, and 4.08 mm, and there were statis-
tical differences between the PWPA and PA algorithms (Table 1). 
This result shows that the overall superposing degree of mirrored 
features and weight allocation between the PWPA algorithm and 
professional experience was more precise than that between the 
PA algorithm and professional experience, the result in this study 
was lower than that in our previous study (3.64 mm) (Zhu et al., 
2020); thus, the weight factor of the PWPA algorithm had a signif-
icant effect. The mean value of the regional position error (upper, 
middle and lower partitions) of the landmarks also showed that 
the SRP of the PWPA algorithm is more consistent with expert ex-
perience in the weight allocation of landmarks for each facial par-
tition. The landmarks in the lower third of the face have a higher 
prevalence of asymmetry than those in the middle and upper 
thirds, where the deviation of the pogonion has been a point 
of particular interest (Kim et al., 2015). For patients with facial 
asymmetry in the mandibular region, landmarks in the lower part 
of the face are higher than those in the middle and upper parts. 
Consequently, the weight allocation of features in different re-
gions is expected to vary and cannot be analysed using the overall 
position error. Therefore, the regional position error of the three 
facial regions was also calculated. For all three face partitions, the 
average position error of the PWPA algorithm was smaller than 
that of the PA algorithm. This difference was statistically signifi-
cant, indicating that the PWPA algorithm for each facial partition 
was close to the result of professional judgement. Additionally, 
the position error of the PWPA algorithm for the upper and lower 
parts of the face was considerably smaller than that of the PA 
algorithm; this is because the PWPA algorithm allocated a lower 
weight for lower facial landmarks to reduce their influence on the 
global overlapping degree, whereas the upper landmarks were as-
signed higher weights to increase the overlapping degree, thereby 
accounting for professional experience in the weight allocation of 
the landmarks. The position error of the PWPA in each region was 
optimised compared with that of the PA algorithm without weight 
allocation, and an optimal SRP result was obtained.

There are several limitations to this study. Firstly, instead of 
selecting landmarks manually, automated identification of facial 
anatomical landmarks through artificial intelligence or a mathemat-
ical facial mask could effectively improve the automation of the 

algorithm (Claes, Walters, & Clement, 2012; Claes, Walters, Shriver, 
et al., 2012; Claes et al., 2011; Gao et al., 2017; Lu et al., 2017; 
Walters et al., 2013; Zeng et al., 2018). This was a methodological 
study where we quantitatively analysed cases of mandibular devia-
tion of <16 mm, and more sample cases are needed to analyse the 
applicability of our method for different types and degrees of facial 
deformities to provide guidance for clinical application. Secondly, 
the weight factors of the landmarks were indirectly acquired. The 
global ICP algorithm was used to initialise the superimposition of 
the original and mirror models to set the key parameters. Direct 
morphological feature analysis and deep-learning technology are 
potential means to solve this limitation, which can further improve 
the accuracy and rationality of landmark weight allocation and lead 
to better SRP constructions for simulating expert clinical diagno-
sis. Despite these limitations, we were able to draw some interest-
ing conclusions related to the novel mathematical algorithm. The 
method is restricted neither to facial images nor to skeletal models. 
It can be applied to any surface model and in any anatomical area of 
the body. For example, it could be used with a model of the facial 
skeleton obtained from CBCT to assist during reconstruction plan-
ning with accurate mirrored templates. Two functions of the math-
ematical algorithm allow SRP computation for different degrees of 
facial asymmetry, according to each individual case and need.

5  |  CONCLUSIONS

In this paper, we presented a novel mathematical algorithm to con-
struct 3D facial SRPs for patients with mandibular deviation. The 
PWPA SRP was more closely aligned with the ground truth than the 
traditional PA SRP plane in terms of angle error and overall and re-
gional position errors, indicating that our innovative mathematical 
algorithm accurately constructed SRPs for facial asymmetry in pa-
tients with mandibular deviation. In addition, the new mathematical 
method is not restricted to 3D facial data; it can also be applied to 
skeletal models. In a follow-up study, we will provide a new approach 
for dental clinics.
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